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Background

[0 Mobius transformation

O A Mobius transformation is a rational function of the form

az+b
cz+d

T(z) = (a,b,c,d € C,ad — bc = 1)

O With the Mobius transformation T, we can associate
a b
= (2)

O A Mobius transformation is a composition of

O O O translation O O inversion O O homothety O O rotation
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[0 Character variety

O F, = (X,Y) : free group of rank 2

0 SL(2,C) = {<i Z)

O Hom(F,,SL(2,C)) = {f: F, — SL(2,C)|f is homomorphism.}
0 f ~g<3IMe SL(2,C),

00000 MF(X)M™L = g(X), MF(Y)M~! = g(Y)

O x = Hom(F,,SL(2,C))/ ~ : Character variety

O x can be identified with C3.

O [fl € x — (tr £(X),tr f(Y),tr f(XY))

O remark tr(a b) = a+d
c d

a,b,c,dG(C,adbc:l}
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(] Discrete

O A subgroup G of SL(2,C) is called discrete

0 if Fa neighborhood N of <é ?) such that GN N = {(é ?)}
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[0 Maskit slice

O (x,y,2) € x

O fy,z € Hom(F», SL(2,C))

000000 trfey(X)=x,tr f,(Y)=y,tr fr, (XY) =2z

O {(x,y,2) €x | x=2,x> +y*+ 2° = xyz, f, is injective and ., ,(F>) is discrete.}

00 ={(2,y,y +2i) | f,y,y+2i is injective and £, ,2i/(F2) is discrete.} : Maskit slice
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[J Farey triangulation

O Figure : a triangulation of unit disk

00O Definition O
O 0O V:the set of vertices of Farey triangulation

00 A map p:V— C is called Markov map

00 if p(v) = p(s) - p(t) — p(u),
0 O where stu and stv are triangles of Farey triangulation.

00O We fix a triangle a37. /\
00 For [f] € x, the Markov map associated with [f] is given by \

00 (p(e), p(B); p(7)) = (tr £(X), tr £(Y), tr £(XY)). ™ -~
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(Maskit slice)

OIf x2 + y? + 22 = xyz,

oad 3algorithm which decides discreteness of £, ..

Oln {(x,y,2) | x =2,x%+ y? + z? = xyz}, the Maskit slice is connected.
O In the Maskit slice, there are pleating rays.

(4-generator Mobius groups)

U Plumbing construction
(A construction of 4-generator Mdbius groups from f,,, . in Maskit slice)

O Parametrized by(x, y,z) = (2,y,y +2i) and t € C (plumbing parameter)

Q What is the shape of discrete subset in {(y,t)|y,t € C}?

Okubo Kazue (Nara Women’s University) Discreteness of some 4-generator Mobius gr



Calculation

[0 4-generator Mobius groups

O fiy,- € Maskit
O gyt : Fa — SL(2,C) is defined as follows.
O (x,y,2) =(2,y,y +2i), Fa=(X,Y,Z,W): free group of rank 4
X X -y
X—z7 22 — (Y= z X
- (2 §) - (5 7)

O

gy,t(Z) = Pgy«(X)P~ 1, gy (W) = Pgy «(Y)P!

|

By

Il
N\
O -
-
=
~_

O

8yt is obtained from f, , , by plumbing construction.
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_[maginm‘y axist |

(3)

[0 Parameter y @

. o 2
Figure : Maskit slice y-plane @
O O colored black : non discrete

0 O otherwise : discrete and injective = Real axis

Figure 1

0 0y=2,34

0 0 y=2-+i,34i,4+i,v/3+i (1)

0 0 y=0.58i+1.69,0.59i+1.82,0.60i+1.93 (2)
0 0y=1.41i+1.69,1.40i+1.82,1.39i+1.93 (3)
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O Deciding the discreteness of Mobius groups

O (1) limit set

00 G : asubgroup of SL(2,C)
O O The limit set of G : plot all fixed points of length at most N.(N=7)

(example(x =2,y =3,z =3+ 2i))

“data3-1.51.dat”

1.5

Rl 05 0 05 1 A 0 05 1

discrete(t=1.5i) non discrete(t=0.5i)

Okubo Kazue (Nara Women’s University) Discreteness of some 4-generator Mobius gr



O (2) Jorgensen's inequality
00 If A B € SL(2,C) generate a non-elementary discrete group,then
|tr(A)? — 4| + [tr(ABA™1B™1) —2| > 1

O 0O In our computer experiment, we fix
0000 A= gy (X)gy:(Y)g «(X) gy (Y)?
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O (3) elliptic element

00 A C SL(2,C) is elliptic if trA is real and —2 < trA < 2.

O Let A be an elliptic element.
OOIf trA=2cos 7 for some n € {2,3,4--- },then (A) is discrete.
00O Otherwise (A) is not discrete.
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O (4) Drawing the real loci

0 O Draw the limit set of 4-generator Mébius groups (gy,+)

O 0 Find s € Fy,
0 O whose fixed point Fix(gy,¢(s)) is "highest” in the "lower limit set”.

00 tr(t) = tr gy,+(s) : polynomial on t (We fix y and s)

2

0 O Draw curves tr(t) € R ST
. T e R e B
O Os : "highest words LK g5
0.5 5 -
«d*«:"“d L, DO T‘.\wﬂuﬁfﬁ A
< 2} {g = |
O B % T F
-0.5

0.5 1

0.5 0
00 discrete(t=1.5i)
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Results

(1)limit set (x=2,y=2,z=2+2i)

“data2-1.5i.dat" 'data2-1"0l.dat’ o “data2-0.5.dat"
Ry :
G, Pt - ; : o B
p
T L
oS

t=1.5i

“data-1 603t

"Gata 0B daT
Ty gy o ;Y X ey ¢y 1t
=

Jie 2

O O The boundary is in the vicinity of +1.0i,-1.0i.
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“risandatay2|20-1.dat"

(2)Jorgensen (x=2,y=2,z=2

4.dat"

+2i)

“risandatay2]]

-1 -0.5 0.5 1

0
00 t-imag(plus)

-0.5 0 0.5 1

0000 Jorgensen

Figure of Jorgensen's inequality,
up and down point symmetry
(t-imag(plus), t-imag(minus))

-1 -0.5 0 0.5 1

00 t-imag(minus)
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(3)elliptic (x=2,y=2,z=2+2i)

1.5

"risandatay2}}

T4 0.5 0 0.5 1

goo elliptic

“risandata: dat

A 0.5 0 0.5 1

0000 Jorgensen 08

-0.5
Comparison of

the figure of Jorgensen's inequality
and the figure of elliptic element .

roughly match 4 05 0 05 1
000 Jorgensen + elliptic
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O limit set (x=2,y=3,z=3-+2i)

“daa3 15 dat

£

“datad-111dat

“dale OB

05 05
a A
1 o5 o o5 1 os o o5 1
t=1.5i t=0.5i
o4

“data-0.7idat

KRS
o g

"Gata-0/5idat

O The boundary is in the vicinity of +1.1i,-0.6i.
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O Jorgensen (x=2,y=3,z=3+2i)

1.5

"risandatay3|20.dat"

-1 -0.5 0 0.5

0000 Jorgensen

Figure of Jorgensen's inequality
(t-imag(plus), t-imag(minus))

-0.5 0.5 1

0
00 t-imag(plus)

-0.5 0 0.5 1

00 t-imag(minus)
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"hoshi2y3120.dat"

O elliptic (x=2,y=3,z=3+2i) ‘

1.5

"risandatay3|20.dat" 0.5

the figure of Jorgensen's inequality
and the figure of elliptic element

0
-0.5
A
-1 -0.5 0 0.5 1
goo elliptic
1.5
“risandatay3|20.dat"
"hidghil2y3120.dat"
- 1
-1 0.5 0 0.5 1
0000 Jorgensen s
0
Comparison of
-0.5
:

roughly match i 05 0 05
000 Jorgensen + elliptic
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O limit set (x=2,y=4,z=4-+2i)

“datad 15 dat”

“datad 111dat

a0 Ha

¥

08 05
4 A
1 05 o 05 05 o 05
t=1.5i t=1.1i
02
DY 7 3 W " “detal pidat] " L. "data—0.5i.dat"
Y i P et § 04
& I LN &
0k, 45 ‘f‘fs 2 P (ad s
53 A ¥
0z
04
-0.6
-0.8
oy o (\»ﬁz
[ T
Aot Larind Panlb 4
05 05 1 o5 o 05

t=-1.0i

O The boundary is in the vicinity of +1.1i,-0.5i.

t=-0.5i
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0 Jorgensen (x=2,y=4,z=4+2i)

1.2

1

0.8

0.6

0.4

0.2

0

-0.2

-0.4

0.6

"risandatay4l] 5.dat"

-0.5 0 0.5

0000 Jorgensen

Figure of Jorgensen's inequality,
different up and down
(t-imag(plus), t-imag(minus))

“risandatay4/20-1.dat"

-1 -0.5

0
00 t-imag(plus)

-1 -0.5 0 0.5 1

00 t-imag(minus)
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O elliptic (x=2,y=4,z=4+2i)

"risandatay4l] 5.dat"

0000 Jorgensen

Comparison of
the figure of Jorgensen's inequality
and the figure of elliptic element
roughly match

-0.2

-0.4

-0.6

-0.2

-0.4

-0.6

*hoshi2y4l 15.dat"

- 0.5 0 05 1
goo elliptic
"rigandatay4/] 5.dat”
“ioshi 2y4I15.dat"
- 0.5 0 05 1

000 Jorgensen + elliptic
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O limit set (x=2,y=2+1i,z=2+3i)

“data1 B.dat”

“daa-1.01.dat

“data 0'5i.dat"

“data-1TTidat




"fisandatay21l

0 Jorgensen (x=2,y=2+i,z=2+73i)

"risandatay21120.dat"

-1 -0.5 0 0.5 1

00 t-imag(plus)

-0.5 0 0.5 1

0000 jorgensen

Figure of Jorgensen's inequality,
different up and down
(t-imag(plus), t-imag(minus))

-1 -0.5 0 0.5 1

00 t-imag(minus)
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"hoshi2y21120.dat"

0 elliptic (x=2,y=2-+i,z=2+3i)

1.5

"risandatay21120.dat"

1 0.5 0 05 1

goo elliptic

"risandatay21/20.dat"
*hoshi dat

A 0.5 0 0.5 1

0000 Jorgensen

Comparison of
the figure of Jorgensen's inequality
and the figure of elliptic element

roughly match 4 05 0 05 1
000 Jorgensen + elliptic
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O limit set (x=2,y=3+i,z=3+3i)

“data1 B.dat”

“daa-1.01.dat

05

t=1.0i

t=0.5i

“data-0l7i.dat

"Gata-0/5LdaF,




“risandatay31/20-1.dat"

0 Jorgensen (x=2,y=3+i,z=3+73i)

"risandatay3 1120.dat"

-1 -0.5 0.5 1

0
00 t-imag(plus)

-0.5 0 0.5 1

0000 Jorgensen

Figure of Jorgensen's inequality,
different up and down
(t-imag(plus), t-imag(minus)) s

-1 -0.5 0 0.5 1

00 t-imag(minus)
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"hoshi2y31120.dat"

O elliptic (x=2,y=3+i,z=3+3i) ‘

1.5

"risandatay3 1120.dat"

-0.5

-1 0.5 0 0.5

goo elliptic

"risandatay31/20.dat"
*hoshi2y31120.dat"

-1 -0.5 0 0.5 1

0000 Jorgensen

Comparison of
the figure of Jorgensen's inequality
and the figure of elliptic element

-0.5

roughly match i 05 0 05
000 Jorgensen + elliptic
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O limit set (x=2,y=4+i,z=4-+3i)

15
“data1 B.dat”

“daa-1.01.dat

t=1.5i

A S A
H o

0 N
4 i

il s

5\‘“(23 A
A ¢ %,

Al

"Gata-0/5idat

Ly

0 05 1

t=-1.0i t=-0.55i

O The boundary is in the vicinity of 1.0i,-0.55i.
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“risandgtay41/120-1.dat"

0 Jorgensen (x=2,y=4+i,z=4+73i)

"risandatay4 111 5.dat"

12

1

o8 b

06 i i
0.4

0.2

0 Fidini

-1 -0.5 0 0.5 1

o2f 00 t-imag(plus)

0a4f

-0.6

0.8

0000 jorgensen

Figure of Jorgensen's inequality,
different up and down
(t-imag(plus), t-imag(minus))

-1 -0.5 0 0.5 1

00 t-imag(minus)
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O elliptic (x=2,y=4+i,z=3+3i)

1.4

"risandatay4 111 5.dat"
1.2

0000 Jorgensen

Comparison of
the figure of Jorgensen's inequality
and the figure of elliptic element
roughly match

-0.2

-0.4

-0.6

-0.8

-0.2

-0.4

-0.6

-0.8

"hoshi2y41171 5.dat"

0.5 0 0.5

goo elliptic

“risandatay41/1 5.dat"
"hashi 2y41115.dat"

-0.5 0 0.5

000 Jorgensen + elliptic
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O limit set (x=2,y=v/3+i,z=v/3+3i)

“data1 B.dat”

“daa-1.01.dat

“Hata 0 /5i.dat"

“dat-2.dat

e




et
o
I
]
3
2
g
el
g

1.2
115

N
s

V343

=V/3+i,z

2y

0 Jorgensen (x

oo t-imag(plus)

0.2

0000 Jorgensen

-1.95

-2.05

-2.15
2,

0.5

00 t-imag(minus)

different up and down
(t-imag(plus), t-imag(minus))

Figure of Jorgensen's inequality,

=
)
=
=
5
s
=
S
2
I
<
I}
=
5}
g
<
=
=
5
a
-
S
0
a
14}
c
3
2
o
g
o
=
(=]
>
=
@
&
b}
>
=
=]
”
=
]
£
s
©
S
5
2
<
2
S
N
]
X
o
)
S
X
o



V3+3i)

=/3+i,2

2y

X=

(

O elliptic

000 elliptic

0000 Jorgensen

Comparison of
the figure of Jorgensen's inequality

and the figure of elliptic element

000 Jorgensen + elliptic

roughly match

=
)
=
=
5
s
=
S
2
I
<
I}
=
5}
g
<
=
=
5
a
-
S
0
a
14}
c
3
3
o
g
o
=
(=]
>
=
@
&
b}
>
=
=]
”
=
]
=
s
©
S
5
2
<
2
S
N
]
X
o
)
S
X
o



O limit set (x=2,y=0.58i4+1.69,z=y+2i)

“daa-101.dat “iata 0'5i.dat

t=-2.0i t=-1.5i

O The boundary is in the vicinity of +1.0i,-1.5i.




“risandatar2|20-1.dat"

0 Jorgensen (x=2,y=0.58i+1.69)

1.5

5

-1 -0.5 0 0.5 1

0000 Jorgensen

o
2

)

°
o

o

-1 -0.5 0 0.5 1

00 t-imag(plus)

)

sandatar2/20.dat’
4

Figure of Jorgensen's inequality,
different up and down
(t-imag(plus), t-imag(minus))

-1 -0.5 0 0.5 1

00 t-imag(minus)
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0 elliptic (x:2,y:0.58i+1.69)

1.5
“
5 !

-1 -0.5 0 0.5 1

0000 Jorgensen

o
2

)

&
o

o

)

&
&

Comparison of
the figure of Jorgensen's inequality
and the figure of elliptic element
: roughly match

o

o

»

"hoshi2r2|20.dat"

-0.5 0 0.5 1

5

= =05
= >33

O0gQd elliptic
Hsanda ar2/2

-0.5 0 0.5 1

EI 00 Jorgensen + elliptic

Okubo Kazue (Nara Women’s University) Discreteness of some 4-generator Mobius gr



O limit set (x=2,y=0.59i4+1.82,z=y+2i)

“data1 B.dat” “data-1 01 dat” C “data-0 /5l dat”




“risandatar3|20-1.dat"

0 Jorgensen (x=2,y=0.59i+1.82)

"risandatar3120.dat"

-1 -0.5 0 0.5 1

00 t-imag(plus)

-0.5 0 0.5 1

0000 Jorgensen

Figure of Jorgensen's inequality,
different up and down
(t-imag(plus), t-imag(minus))

-1 -0.5 0 0.5 1

00 t-imag(minus)
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"hoshi2r3120.dat"

O elliptic (x=2,y=0.59i+1.82)

1.5

"risandatar3120.dat"

1 0.5 0 05 1

goao elliptic
“risandatar3I20.dat"
2r3ien.

-1 -0.5 0 0.5 1

0000 Jorgensen

Comparison of
the figure of Jorgensen's inequality
and the figure of elliptic element

roughly match “a 05 0 05 1
000 Jorgensen + elliptic
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O limit set (x=2,y=0.60i4+1.93,z=y+2i)

“data1 B.dat” “data-1 01 dat” “data0 Bl dat”




“risandatar4/20-1.dat"

0 Jorgensen (x=2,y=0.60i+1.93)

"risandatar4120.dat"

-1 -0.5 0 0.5 1

00 t-imag(plus)

-0.5 0 0.5 1

0000 Jorgensen

Figure of Jorgensen's inequality,
different up and down
(t-imag(plus), t-imag(minus))

-1 -0.5 0 0.5 1

00 t-imag(minus)
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"hoshi 2r4I20.dat"

O elliptic (x=2,y=0.60i+1.93)

1.5

"risandatar4120.dat"

-1 -0.5 0 0.5 1
goao elliptic

“risandatardl20.dat"
*hos

-1 0.5 0 0.5 1
0000 Jorgensen 08
|:| 0
) 0.5
Comparison of
the figure of Jorgensen's inequality y
and the figure of elliptic element .
roughly match o 05 0 05 1

000 Jorgensen + elliptic
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“dara-101.dat

2,y=1.41i+1.69,z=y+2i)

(1)Iimit set (x=

“data 0 Bi.dat”

FAET data Bt
o

t=-1.4i

t=-2.0i
O The boundary is in the vicinity of +1.0i,-1.4i.
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‘risandataq2120-1.dat'

oo t-imag(plus)
00 t-imag(minus)

1.41i4+1.69)
s inequality,

2)y

different up and down
(t-imag(plus), t-imag(minus))

0000 Jorgensen
Figure of Jorgensen

(2)Jorgensen (x

=
)
=
=
5
s
=
S
2
I
<
I}
=
5}
g
<
=
=
5
a
-
S
0
a
14}
c
3
2
o
g
o
=
(=]
>
=
@
&
b}
>
=
=]
”
=
]
£
s
©
S
5
2
<
2
S
N
]
X
o
)
S
X
o



000 elliptic
000 Jorgensen + elliptic

1.41i+1.69)

Y
roughly match

2
Comparison of
the figure of Jorgensen's inequality

X
0000 Jorgensen
and the figure of elliptic element

(3)elliptic (

=
)
=
=
5
s
=
S
2
I
<
I}
=
5}
g
<
=
=
5
a
-
S
0
a
14}
c
3
3
o
g
o
=
(=]
>
=
@
&
b}
>
=
=]
”
=
]
=
s
©
S
5
2
<
2
S
N
]
X
o
)
S
X
o



O limit set (x=2,y=1.40i+1.82,z=y+2i)

“data1 B.dat”

“daa-1.01.dat

“data0 5l dat"

0.5 o

t=0.5i

“dat-2.dat

o B

"Gata- 10143t

O The boundary
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t=-1.5i

the vicinity of +1.0i,-1.5i.
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“risandatag3|20-1.dat"

0 Jorgensen (x=2,y=1.40i+1.82)

1.5

"risandatag3l20.dat"

-1 -0.5 0 0.5 1

00 t-imag(plus)

-1 -0.5 0 0.5 1

0000 Jorgensen

Figure of Jorgensen's inequality,
different up and down
(t-imag(plus), t-imag(minus))

-1 -0.5 0 0.5 1

00 t-imag(minus)
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"hoshi2g3120.dat"

O elliptic (x=2,y=1.40i+1.82)

1.5

"risandatag3l20.dat"

-1 -0.5 0 0.5 1
gooag elliptic

"risandatag3|20.dat"
"hoshi2q3|20.dat"

-1 -0.5 0 0.5 1

0000 Jorgensen

Comparison of
the figure of Jorgensen's inequality
and the figure of elliptic element

roughly match 4 05 0 05 1
000 Jorgensen + elliptic
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O limit set (x=2,y=1.39i+1.93,z=y+2i)

“data1 B.dat” “daa-1.01.dat “data 0 /5i.dat"

t=-2.0i t=-1.5i

The boundary is in the vicinity of +1.0i,-1.5i.
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“risandataq4i20-1.dat"

0 Jorgensen (x=2,y=1.39i+1.93)

"risandataq4l20.dat"

-1 -0.5 0 0.5 1

00 t-imag(plus)

-0.5 0 0.5 1

0000 Jorgensen

Figure of Jorgensen's inequality,
different up and down
(t-imag(plus), t-imag(minus))

-1 -0.5 0 0.5 1

00 t-imag(minus)
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"hoshi2q4i20.dat"

O elliptic (x=2,y=1.39i+1.93)

1.5

"risandataq4l20.dat"

-1 -0.5 0 0.5 1
gooag elliptic

“risandataq4l20.dat"
"hoshi2q4i20.dat"

-1 -0.5 0 0.5 1

0000 Jorgensen

Comparison of
the figure of Jorgensen's inequality
and the figure of elliptic element

roughly match 4 05 0 05 1
000 Jorgensen + elliptic
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(4)real loci (x=2,y=2,z=2+2i)

"risandatay2|20-1.dat"

-1 -0.5 0 0.5 1

000 Jorgensen

Figure of real loci
in case the real part of tis 0 and 1
. almost coincides with Jorgensen's
inequality

y+32°Xy+32
+16x°4-1

-0

-2)=2
+16° %22
6°x°2-

)=1

Y

-0.5 0 0.5

oo treaI;O

-0.5 0

oogd treaI;I
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(4)real loci (x=2,y=2,z=2+2i) :

8 xy-ATy4°x
gLy D 44

o os(Zy 2 LT
yn2-4°y-4 X2
X

]
wl

i

"risandatay2|20-1.dat"

Wi
//

1.5
2
-1 -0.5 0 0.5 1
oo treal:X0.5
2
funl ——
fung” ——
/Zf
fund
A 0.5 0 0.5 1 T H\\%
e — e ==
000 Jorgensen 05 =5
0 T
05 /’ﬁx\
Figure of real loci in case i ~
the real part of t is 0.5 and 0.25 AE
. almost coincides with Jorgensen's 2] — - — 1
inequality

00 treal=0.25
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O Patterns of "highest words”

O In many cases, there are combinations of commutators and conjugates.

Ub000t=0000000000t=1000000000t=050

O 0 acBABCOOOOOOO CABabacAO O OOOO adcBAbaD

00 aDcdACOOOOODODO CABAbacaO DO OO OO aDcdABab

00 aDCdAcO0O0O00O000 CACDcdcaOOOOO0O ABAbaDCd

00 AcaDCdOO0OO0000O CDedcaCAOOOOODO AdABabCD

00 BabCacOOOOOOO acACDCdcOOOODODO baDCdeBc
000 00000oo0oo00o00oo0 ooooooooboooa a

000 000000000000 ObobooooobooOo oo
i:gy,t(X), B=gy(Y),C=gt(Z2), D=gy (W) a=A"1, b=B"! ¢c=C1d=D""
(example) commutator : ABab,CDcd... / conjugate : Aba,Dad...
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O Dy: the discrete subset given by Jorgensen's inequality
O Deg: the discrete subset given by elliptic elements

O O O For various parameters,we draw limit sets.

000 Dy has a rotational symmetry of order 2.(y=2)
000 Dy and Dg roughly coincide.
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Future tasks

O It is necessary to increase the length of the matrix product of Mobius
groups.

O Examine the real loci according to parameters other than y=2.

O From a character string to be real loci,examine whether there is a rule.
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